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Fulde-Ferrell state in ferromagnetic chiral superconductor with magnetic domain wall
Yasuhiro Tada1, ∗
1Institute for Solid State Physics, The University of Tokyo, Kashiwa 277-8581, Japan
Motivated by the recent theoretical and experimental progress in the heavy fermion system
UCoGe, we study ferromagnetic chiral superconductors in the presence of magnetic domains. Within
mean field approximations, it is shown that chiral superconducting domains are naturally induced by
the ferromagnetic domains. The domain wall current flows in the opposite direction to the naively
expected one as in 3He-A phase due to contributions from “unpaired electrons”. Consequently, the
domain wall current flows in the same direction with that of surface currents when the magnetic
domain wall lies parallel to the sample surface, and therefore they contribute to the net current
along the whole sample. We find that, due to the non-cancellation between the domain wall current
and surface current, a Fulde-Ferrell-like superconducting state can be stabilized in an anisotropic
sample for all the temperatures below the superconducting transition temperature.
I. INTRODUCTION
Interplay of ferromagnetism (FM) and superconductiv-
ity (SC) has been a central issue in the study of magnetic
superconductors. A FM order generally breaks Cooper
pairing through Zeeman coupling and Lorentz force, and
therefore it is usually difficult to realize coexistence of
FM and SC orders. However, in a spin triplet pairing
state, weakness of Pauli depairing effect could allow mi-
croscopic coexistence of the two seemingly antagonistic
orders. Indeed, it is expected that pseudo-spin triplet
states in the presence of FM orders are realized in the
family of uranium based ferromagnetic superconductors
UGe2, URhGe, and UCoGe
1–3.
Among these uranium systems, UCoGe is particularly
interesting since it has been proposed to be a topological
superconductor. In the previous theoretical study com-
bined with the NMR experiments, it was demonstrated
that the upper critical field Hc2 of UCoGe at ambient
pressure is well explained based on the so-called A-state
symmetry rather than the other group theoretical candi-
date B-state symmetry4–7. The d-vector of the supercon-
ducting A-state in the simplest pseudo-spin 1/2 basis is of
the form d ∼ (a1kx+ ia2ky, a3ky+ ia4kx, 0) with the real
coefficients {aj}8, and therefore UCoGe at ambient pres-
sure in the A-state can be considered as a chiral super-
conductor in the presence of ferromagnetic order9. Be-
sides, it is shown that there exist nodes in quasi-particle
spectrum in the FM+SC state which are protected by the
nonsymmorphic magnetic space group, in addition to the
possible Weyl points at poles10. The pairing symmetry
in the paramagnetic state at high pressures is also pro-
posed to be topological11. In such a topological magnetic
superconductor, a natural question is that how the FM
and topological character of the SC are correlated.
In addition to the momentum space topology in a fer-
romagnetic topological superconductor, FM degrees of
freedom gives rise to real space non-trivial structure de-
fined by magnetic domains in the ordered states. Exper-
imentally, FM domains have been observed in UCoGe
by scanning SQUID at ambient pressure, and the do-
main wall (DW) width was estimated to be very small,
∼ 0.1-1nm, as expected from the strong Ising anisotropy
of UCoGe12. The magnetic flux density is changed only
slightly as the system enters the FM+SC phase from the
non-superconducting FM phase. Based on this results,
it was concluded that Meissner effect is weak and the
spontaneous vortex state without external magnetic field
would be realized in UCoGe, although vortices could not
be directly seen because of the limited spatial resolution
of the scanning SQUID. Under applied pressure, however,
one would also expect that a Meissner state could be re-
alized, since the magnetic moment would be suppressed
so that it cannot stabilize the spontaneous vortex state.
In this study, motivated by the theoretical identifi-
cation of chiral superconductivity and the experimental
observation of magnetic domains in UCoGe, we inves-
tigate a ferromagnetic chiral superconductor, especially
focusing on interplay between real space FM domains
and momentum space topology of SC when the system
is in a Meissner phase. In such a set up, one would ex-
pect that chiral SC domains are induced by FM domains
since the magnetic flux density arising from the FM order
may stabilize one of the chiralities of Cooper pairing8,13.
Once chiral SC domains are formed, DW current due
to the non-trivial momentum space topology will flow
along the DW14. Within mean field approximations, we
show that chiral SC domains are indeed naturally in-
duced and the spatial distribution of domains simply co-
incides with that of the FM domains. We further demon-
strate that the direction of the DW current is opposite to
the naively expected one for a stable DW as in the case
of 3He-A phase15,16. We propose that, as a result of the
non-cancelation between the DW and surface currents, a
Fulde-Ferrell (FF) like stripe superconducting state17,18
can be stabilized in an anisotropic sample of a ferromag-
netic chiral superconductor in the Meissner state in the
presence of FM domain walls. The microscopic physical
origin of the FF-like state is also discussed in terms of
hidden normal (non-superconducting) state components,
“unpaired electrons”, which are an important key for un-
derstanding paired states19,20.
2II. MODEL
In this study, we consider a simple model of ferromag-
netic chiral superconductors. Although we take UCoGe
as a prototypical example of ferromagnetic chiral super-
conductors and use a specific model which is relevant to
UCoGe, we will discuss their general properties based on
the concrete model. Our results are basically applica-
ble also to other chiral superconductors/superfluids such
as 3He-A phase in confined geometry with some modi-
fications, if one simply assumes that chiral SC domains
are created by some reasons. While it is essentially dif-
ficult to control and identify SC domains in those sys-
tems, they can be naturally induced by FM domains in
ferromagnetic chiral superconductors as will be discussed
later.
The on-site level scheme of UCoGe due to the spin-
orbit interaction and crystal electric field has not been
identified experimentally, and the calculated band struc-
ture looks very complicated21. However, the resistivity
shows rather simple behaviors: it is nearly isotropic and
exhibits a single coherence peak around T ∼30-40K for
example in the c-direction4,5. This would suggest that
UCoGe could be effectively described by a pseudo-spin
1/2 fermions with a nearly isotropic Fermi surface. In
the present study, such fermions are simply denoted as
spin 1/2 electrons for simplicity. Here we introduce a
simple model for effectively describing superconductivity
in UCoGe,
H = −
∑
〈ij〉σ
tijc
†
iσcjσ −
∑
i
hexi S
z
i −
∑
〈ij〉σ
gij
4
niσnjσ , (1)
where Szi =
∑
ss′ c
†
isσ
z
ss′cis′/2 and niσ = c
†
iσciσ. For sim-
plicity, we consider a layered square lattice with equal
lattice spacing for all the directions and i, j represent the
site positions. Since the z-direction degrees of freedom is
not important for our study, we suppress the z-index.
The first term is hopping between the nearest neigh-
bor sites only within a two-dimensional xy-plane and
also includes chemical potential tii = µ. Introduction
of z-direction hopping does not change our main results.
The hopping integral includes a classical vector potential
tij = t exp(iA˜ij) where A˜ij = (e/c~)A((i+ j)/2) · (i− j)
with the electron charge e. The vector potential is simply
determined by Maxwell equation with a suitable bound-
ary condition. Gauge fluctuations are completely ne-
glected in this study for which conventional BCS the-
ory works well, although inclusion of gague fluctuations
would modify the standard BCS description22,23. The
second term is the exchange term in the FM state which
may arise from effective interactions such as Szi S
z
j but
is a given function in the present study. The last term
describes an effective interaction which leads to chiral SC
corresponding to the A-state of UCoGe. The interaction
is non-zero only for the nearest neighbor sites in the same
xy-plane, gi,i±xˆ = gi,i±yˆ = g and gi,i±zˆ = 0, and acts
only on the electrons with the same spins. The result-
ing chiral SC under these assumptions is consistent with
the previous theory where the electrons interact through
Ising magnetic fluctuations as clarified experimentally4–7.
To describe a FM domain structure, we consider a sim-
ple functional form of hexi ,
hexi = h
ex
0 tanh((x − xDW )/dDW ), (2)
for which the DW is on the yz-plane located at x = xDW
with the width dDW . The position xDW is assumed to be
the center of the system in the x-direction. Since UCoGe
has strong Ising anisotropy, the DW could be well de-
scribed by the above function. Experimentally, the DW
width in UCoGe is estimated as dDW ∼ 0.1-1 nm, and
typical domain size is ∼ 1-10 µm12. It is noted that hexi
should be regarded as a renormalized quantity includ-
ing Zeeman coupling with the self-induced magnetic flux
density which is expected to be small compared to an ef-
fective exchange coupling between spins. In the SC state,
the magnetic flux density distribution would be modified
from that in the non-superconducting state, which would
also affect FM structure and hexi in general. Although
such an effect could be studied by a full self-consistent
calculation for both FM and SC orders with using re-
alistic model parameters (such as εCR defined later and
effective magnetic interactions between spins), we sim-
ply fix hexi as a given parameter in this study. We note
that, although the above FM domain structure may be
oversimplified, it is important to understand the simplest
case in order to develop further theoretical understand-
ing. As a straightforward generalization, we will briefly
discuss multi-domain cases at the end of Sec.III. Similar
FM domain structures have been studied for general FM
superconductors also in different contexts 24–28.
We consider an anisotropic system with an open
boundary condition for x-direction and periodic bound-
ary conditions for y, z-directions as shown in Fig. 1. The

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FIG. 1. The anisotropic system with Lx ≪ Ly , Lz. The FM
domain wall on yz-plane seperates the positive magnetization
domain and negative magnetization domain.
system size is Lx × Ly × Lz with Lx ≪ Ly, Lz, and is
fixed as Lx = 200a and Ly = 2000a in the present study.
Although the z-index is redundant, Lz is assumed to be
large enough so that only the z-component of the mag-
netic flux density is non-zero when a charge current flows
in the xy-plane. In addition, although the spontaneous
vortex state may be realized in UCoGe at ambient pres-
sure, we rather focus on Meissner states which would
3be stable under pressure where magnetization and cor-
responding magnetic flux density are suppressed. The
spontaneous vortex state is left for future studies. We
note that our results are qualitatively robust against the
thickness Lx as long as the system shape is anisotropic,
although they depend quantitatively on the thickness as
will be discussed later. As was mentioned before, our
results are rather general for ferromagnetic chiral super-
conductors, although we use the specific model Eq.(1)
which is relevant to UCoGe.
For a given vector potential, we use a mean field ap-
proximation for the conventional order parameter
g〈ciσci+xˆ,σ〉 = −i∆xiσ,
g〈ciσci+yˆ,σ〉 = ∆yiσ. (3)
In the presence of translational symmetry in the Meiss-
ner state, ∆
x/y
iσ depend only on x and the mean field
Hamiltonian reads
HMF = 1/2
∑
xx′,ky
C†xkyHBdG,xx′(ky)Cx′ky −
∑
〈ij〉
tij + Ec,
(4)
where Cxky = (cxky↑, cxky↓, c
†
x,−ky,↑
, c†x,−ky,↓) and HBdG
is the Bogoliubov-de Gennes (BdG) Hamiltonian. Ec =∑
〈ij〉σ gij/4|〈ciσcjσ〉|2 is the condensation energy. Then
we compute lattice electric current
ji,y = ji↑,y + ji↓,y
=
−ie
~
∑
σ
a[ti,i+yˆc
†
iσci+yˆσ − ti+yˆ,ic†i+yˆσciσ], (5)
where e < 0 is the electric charge and a is the lattice
constant. Similarly, z-component of the spin current is
defined as
jspini,y = ji↑,y − ji↓,y . (6)
We choose a gauge among the Landau gauge ∇˜ ·A˜ = 0 so
that A˜i,i+xˆ = A˜i,i+zˆ = 0, where ∇˜ is the lattice dimen-
sionless derivative. The magnetic flux density for each
plaquette B˜iz = (∇˜×A˜)iz = A˜i+xˆ+yˆ,i+xˆ−A˜i+yˆ,i is calcu-
lated by the lattice Maxwell equation in a dimensionless
form,
(∇˜ × B˜)iy = 4π at
φ20
j˜toti,y , (7)
where φ0 = c~/|e| and j˜tot = j˜ + ∇˜ × M˜ spin. The lattice
spacing for the z-direction has been taken to be the same
value as those in x, y-directions, a. We use a boundary
condition on B˜ so that B˜i,z = 0 just outside the sample,
which corresponds to zero external magnetic field. The
dimensionless current and spin magnetization are defined
as j˜ = j~/(|e|at) and M˜ spini,z = −2〈Szi 〉 where we have
simply assumed geff = 2 for the effective g-factor. This
equation reduces to the conventional Maxwell equation
when the lattice dimensionless derivative ∇˜ is replaced
by the derivative operator in the continuum multiplied
by the lattice constant a. The dimensionless numeri-
cal factor εCR ≡ at/φ20 is estimated to be ∼ 3 × 10−6
for t = 0.2eV and a = 5A˚. When we use this value in
numerical calculations, the resulting penetration depth
λ is found to be of the order 100a = 50nm or even
longer. Since the effective hopping t should be regarded
as a renormalized quantity and be smaller than 0.2eV
when considering UCoGe, one might obtain λ ∼ 1µm
as evaluated experimentally if a more realistic value of t
were used. In the present study, however, we use a large
εCR = 1500×3×10−6 to have a short λ since it is numer-
ically difficult to treat such a long penetration depth. We
have confirmed that our main conclusions are essentially
independent of the numerical value of εCR by repeating
the same calculations for several different values of εCR.
Although one of the two possible chiralities will be cho-
sen by the magnetic flux density arising from M˜ spin, the
chirality selection is a subtle issue, since there are sev-
eral competing effects, Landau diamagnetism, Meissner
effect, orbital magnetization of the Cooper pair field8,29,
and chiral SC fluctuations13. All these effects originate
from Lorentz force on electron motions, while Zeeman
effect on electron spins does not influence chiralities of
Cooper pairs although it favors a particular orientation
of d-vector in spin-space under a given magnetic flux den-
sity29. The above first two contributions are diamagnetic
and common to all the superconductors, while the lat-
ter two are characteristic to superconductors with bro-
ken time-reversal symmetry. The orbital magnetization
of the Cooper pair field MOPi ∝ ǫijkd∗µjdµk depends on
details of the system such as the density of states around
the Fermi energy and lattice symmetries, and is usually
negligibly small with the prefactor (∆/εF )
2 ≪ 1 within
weak-coupling approximations29,30. (dµj is the Cooper
pair field in a continuum system.) On the other hand,
coupling to the chiral SC fluctuations is paramagnetic
and some corresponding coupling would be present also
at low temperatures well below superconducting tran-
sition temperatures13. In the numerical calculations, if
we put an initial configuration ∆xi = 0,∆
y
i =(position-
independent tiny constant), ∆xi with a SC domain wall
is automatically induced when iteratively solving the gap
equation, creating a chiral SC domain wall. In this case,
the orbital magnetization due to the surface current with-
out Meissner effect is anti-parallel to Biz , which means
that the magnetic response of chiral SC is diamagnetic.
However, if we put an initial configuration of ∆
x/y
i so
that the resulting magnetic response becomes param-
agnetic, we find that the paramagnetic solutions have
slightly lower energies than the diamagnetic solutions.
These complicated behaviors may be due to the above
mentioned competing effects. In the following numerical
calculations, we consider only the lower energy solutions
of ∆, i.e. paramagnetic solutions. It is noted that, even
if we use diamagnetic solutions, our main conclusions on
the stability of SC domain walls and the resulting FF-like
4state essentially holds true. Although we focus only on
the Meissner state in the present study, detailed struc-
tures of the gap functions around vortices will become
important for the chirality selction in the possible spon-
taneous vortex state 31,32.
III. RESULTS
For the moment, in order to understand the physics
step by step, we do not take into account A˜ and B˜. Since
a chiral SC domain is not induced without B˜, we intro-
duce an initial configuration of ∆i with a SC domain
which is consistent with the solutions under B˜ 6= 0. In-
clusion of A˜ and B˜ leads to Meissner effect, and it will
be discussed later. The parameters are fixed as g = 5t,
filling n = 0.5 and hex0 = 0.1t, dDW = a for which the
superconducting transition temperature is evaluated to
be kBTsc ≃ 0.13t. We can estimate the coherence length
of the SC at kBT = 0.001t to be ξ0 ≃ 6a from the cal-
culated spatial profile of ∆i near the surface/DW fitted
by tanh(x/ξ0). Although the value of ξ0 would be too
small compared to the real values in chiral superconduc-
tors such as UCoGe, a large coupling constant g = 5t
simplifies our discussions. Our main conclusions are es-
sentially independent of absolute values of ∆i. In the
following, we fix kBT = 0.001t if not specified.
A. px − ipy/− px − ipy domains
When a chiral superconducting DW is formed along
the yz-plane by some reasons, there will be two locally
stable structures according to the previous Ginzburg-
Landau (GL) study on 3He-A phase33. One possibil-
ity is that ∆xi changes its sign at the domain bound-
ary, while ∆yi remains basically constant in space. We
call this domain structure “odd-domain wall” in this
study since the x-odd component ∆xi changes sign at
x = xDW . According to the previous study on
3He-
A phase, such a SC domain wall is metastable when it
lies on the yz-plane. More stable domain structure with
the lowest DW energy is the gap function where ∆xi re-
mains nearly constant while ∆yi changes sign. This do-
main structure is called “even-domain wall” in this study
since the x-even component ∆yi changes sign at x = xDW .
The relative stability of the even-DW is not so trivial in
the present study, since there exist “unpaired electrons”
only in the even-DW case which are not captured in GL
theories and they might possibly destabilize the even-
DW. Here, we firstly consider the former metastable case
(px−ipy/−px−ipy odd-DW) for completeness, although
much has been known for it14,39. We will discuss the lat-
ter more stable case (px − ipy/px + ipy even-DW) later.
As mentioned before, we firstly do not take into account
the magnetic flux density by setting B˜z = 0 for under-
standing the physics step by step, and Meissner effect
will be discussed later.
We show the gap function averaged over spins, ∆
x/y
i =
Re
∑
σ∆
x/y
iσ /2 in Fig. 2, where a chiral SC odd-domain
structure is clearly seen. It is noted that, since the chi-
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FIG. 2. (Left panel) Gap functions for the odd-DW case at
(g, kBT, n) = (5t, 0.001t, 0.5). The FM domain wall parame-
ters are (hex0 , dDW) = (0.1t, a). (Right panel) Spectrum of the
BdG Hamiltonian for the odd-DW case.
ral SC domains are stabilized by the FM domains, their
spatial positions coincide each other. Therefore, the for-
mer could be easily identified in experiments by directly
looking at the latter. This is an advantage of a charged
ferromagnetic SC compared to the neutral paramagnetic
3He where identification of a superfluid domain is very
difficult.
We also show quasi-particle spectrum in Fig. 2 where
there are two-hold degenerate surface/DW modes for
each spin with the one-dimensional Fermi wavenumber
k
surf/DW
F = 0. The chirality of the superconductivity
leads to surface/DW charge current j˜i,y and spin current
j˜spini,y as shown in Fig. 3. The charge current at a surface
-0.05
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FIG. 3. Charge and spin currents without Meissner effect for
the odd-DW case.
flows in the opposite direction to that of the DW cur-
rent in the same chiral SC domain as one would naively
expect. Because of this “cancellation”, the net current
along the y-direction in the whole sample or in a single
domain vanishes. If we consider an open boundary con-
dition for the y-direction which is more realistic for an
anisotropic sample, the surface current will be smoothly
connected to the DW current making a large circular
current profile in the xy-plane as shown in Fig. 4. On
the other hand, the magnitude of the spin current at the
surface is larger than that at the DW as seen Fig. 3.
Therefore, the total spin current in one domain is non-
5 
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FIG. 4. The charge current profile for the odd-DW case in
the system with boundaries.
zero in contrast to the charge current, although the net
spin current along the whole sample vanishes.
We now discuss Meissner effect in this state by solv-
ing Maxwell equation together with the gap equation. A
computed current profile is shown in Fig. 5. The Meiss-
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FIG. 5. (Left panel) Charge and currents with Meissner effect
for the odd-DW case. (Right panel) Corresponding magnetic
flux density.
ner effect simply induces screening current, and the re-
sulting current density is oscillating near the surface and
DW30,34. Because of this oscillation, the net surface/DW
current vanishes at a surface/DW, which leads to vanish-
ing B˜iz in a central region of a domain as shown in Fig. 5.
B. px − ipy/px + ipy domains
As mentioned before, the px − ipy/ − px − ipy odd-
domain is metastable and the px− ipy/px+ ipy even-DW
has a lower energy in the case of 3He-A phase within the
GL theory where the unpaired electrons are not taken
into account33. If this holds true also in the present sys-
tem, the latter domain will be stabilized. As in the previ-
ous section, the paramagnetic solutions of ∆ have lower
energies than those of the diamagnetic solutions also for
the odd-DW. Therefore, we only consider the paramag-
netic solutions which show paramagnetic responses to the
magnetization induced B˜iz. Similarly to the odd-DW, we
do not consider Meissner effect for a while to understand
the physics step by step.
1. gap function and spectrum
Figure 6 shows the gap functions and spectrum of
BdG Hamiltonian. The chiral domain is created as in
the previous odd-DW case. On the other hand, the
quasi-particle spectrum looks complicated compared to
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FIG. 6. (Left panel) Gap functions for the even-DW case.
(Right panel) Spectrum of the BdG Hamiltonian for the even-
DW case.
the previous one (Fig. 2), where the surface modes are
almost unchanged while the DW modes are largely mod-
ified15,16,35. The DW modes cross zero energy at ky = 0
for the odd-DW, while the zero energy state is shifted
to ky ≃ kF in the even-DW case where kF is the Fermi
wavenumber in the bulk15,16. The difference in the DW
modes for the two DWs can be easily understood within
a simple semi-classical discussion. For simplicity, we here
consider a continuum limit which is legitimate at low fill-
ing. The one-dimensional “Fermi wavenumber” of the
DW mode kDWF can be roughly evaluated by the vanish-
ing quasi-particle energy,
0 = [E(x, kx, ky)]
2
=
(
~
2
k2x + k
2
y
2m
− µ
)2
+
(
∆x(x)
kx
kF
)2
+
(
∆y(x)
ky
kF
)2
,
(8)
where k2x + k
2
y = k
2
F with kF =
√
2mµ/~. In the odd-
DW case, ∆x changes its sign at the DW and ∆x(x =
xDW ) = 0 is satisfied as in Fig. 2, which means that
[∆y(xDW )ky ]
2 = 0 is required, i.e. kDWF = 0. In the
even-DW case, however, ∆y(x = xDW ) = 0 holds as
in Fig. 6 and [∆x(xDW )kx]
2 = 0 requires k2y = k
2
F , i.e.
[kDWF ]
2 = k2F . This explains the essential difference in
the DW modes for the two domain structures.
Generally, spectrum of surface/DW modes are neither
protected by symmetry nor an intrinsic bulk property but
are sensitive to boundary conditions. Topological argu-
ments ensure only the existence of symmetry-protected
surface/DW modes. In the present system, the spectrum
of the DW modes strongly depend on details of SC do-
main walls and are modified by the change in Hamilto-
nian δHMF = H
even
MF − HoddMF as shown in Fig. 7. Some
eigenvalues of the DW modes change signs by δH , which
is called spectral flow of BdG eigenvalues 14,16,19,20,36–40.
The spectral flow is related to physical quantities in some
models, and also to ground state wavefunctions of mean
field Hamiltonians in general, as will be discussed in the
next section.
2. current and unpaired electrons
Although the px − ipy/px + ipy even-DW is more sta-
ble, the charge current profile of this state is rather
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FIG. 7. Schematic picture of the spectral flow of the BdG
eigenvalues. Only the DW modes are explicitly shown. Some
eigenvalues of the DW modes change signs when Hamiltonian
is modified by δHMF as indicated by the green arrow.
counter-intuitive as shown in Fig. 8. While the surface
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FIG. 8. Charge and spin currents without Meissner effect for
the even-DW case.
current is essentially the same as that in the previous
px− ipy/− px− ipy odd-DW case, the DW current flows
in the opposite direction to the previous one. Such rever-
sal of the current direction has been discussed previously,
and is possible in other systems 15,16,41. A related issue
has also been discussed before42,43. The spin current at
the domain wall is reversed similarly to the charge current
and enhanced compared to that of the previous odd-DW.
The counter-intuitive charge current can be attributed
to the previously mentioned “unpaired electrons” which
arise from an implicit pair breaking effect19,20. To see
this, we again consider a continuum model for simplic-
ity, which can be verified at low filling. For such a case,
the net current in the whole sample can be simply de-
composed into the paramagnetic and diamagnetic parts,
Jy = J
p
y + J
d
y , where J
p
y =
∑
xkyσ
e~ky/mc
†
xkyσ
cxkyσ
and Jpy =
∑
xkyσ
−e2Ay(x)/(mc)c†xkyσcxkyσ. Within the
mean field approximation, the expectation value at zero
temperature 〈Jpy 〉0 is calculated as
〈Jpy 〉0 = −
1
4
∑
ky
e~ky
m
η(ky), (9)
η(ky) =
∑
n
sign[En(ky)], (10)
where {En(ky)} are the eigenvalues of the BdG Hamil-
tonian HBdG19,20,38,39. η is called spectral asymmetry
and it is essentially determined by the Fermi wavenum-
ber of the surface/DW modes, because formations of
surface/DW modes can cause spectral flow where some
eigenvalues of HBdG change the signs depending on the
model parameters, as shown in Fig. 7. η(ky) = 0 ev-
erywhere in the odd-DW, while η(ky) is given by η =
+2(−kF < ky < 0), η = −2(0 < ky < kF ) for each
spin, and η = 0 otherwise in the even-DW. Because
Jpy = Jy − Jdy is satisfied, 〈Jpy 〉0 = 0 simply means
〈Jy〉0 = 〈Jdy 〉0, which is usually expected for a full gap
superconductor in the presence of a given vector poten-
tial. On the other hand, a non-zero 〈Jpy 〉0 or equivalently
〈Jy〉0 6= 〈Jdy 〉0 implies existence of a normal state (non-
superconducting) components, i.e. unpaired electrons.
We also discuss finite temperature effects for the even-
DW. Our numerical calculations show that the DW cur-
rent is parallel to the surface current and the result-
ing net paramagnetic current is negative for all 0 ≤
T < Tsc (not shown). This can be explicitly shown
within a quasi-classical calculation for the continuum
model which linearizes the derivative, (kF − i∂x)2 ≃
k2F − 2ikF∂x14. It gives Esurf(ky) = −∆ky/kF and
EDW(ky) = ±∆
√
k2F − k2y/kF where ∆ is the gap am-
plitude in the bulk. These spectrum are good approxi-
mations of our numerical results Fig. 6 and also of the
previous studies15,35,39. The finite temperature effects
on 〈Jpy 〉 is that (i) ∆(T ) in En(ky) becomes smaller
and (ii) the spectral asymmetry is modified to η(ky) =
−∑n[2f(En(ky)) − 1] with f(E) = 1/(eβE + 1) and
β = 1/(kBT ). Since contributions from the continuum
spectrum |En(ky)| > ∆ will cancel between +E and −E,
they do not contribute to η(ky) at finite temperature,
which allows us to focus only on the remainig contri-
butions from the surface and DW modes. Then, it is
easy to see that η(ky ;T ≥ 0) < 0(> 0) at 0 < ky <
kF (−kF < ky < 0) for the above spectrum Esurf and
EDW, although the magnitude |η(ky ;T )| gets suppressed
as T increases. Therefore, 〈Jpy 〉 < 0 even at any fi-
nite temperature 0 ≤ T < Tsc, which means that the
DW current is parallel to the surface current. On the
other hand, the DW current within the GL theory is es-
sentially determined by the SC chiralities only, jGLy =
ns[(δyj− lylj/2)mk∂jnk+(δyj/4− lylj)(∇×~l)j ] with the
conventional notation dµj = dµ(mj + inj),~l = ~m × ~n in
the continuum model44, and its direction is the same for
both the odd-DW and even-DW. The GL theory fails to
describe the current reversal for the even-DW. This is
because the current reversal is due to the hidden normal
state contributions, and these unpaired electrons are not
captured within the GL descriptions which focus only on
superconducting contributions.
The unpaired electrons can be directly found in the
ground state wavefunction of the mean field Hamiltonian
when 〈Jpy 〉0 6= 0 arising from non-trivial η(ky) 6= 0. It can
be shown that the ground state wavefunction is given by
7the tensor product of
|MF〉ky =
n1(ky)∏
n=1
c′†nky
n2(ky)∏
n=1
c′†n,−ky
× exp[
∑
n>n1,n′>n2
Fnn′ (ky)c
′†
nky
c′†n′,−ky ]|0〉,
(11)
for each σ (σ-index has been suppressed for simplicity),
where |0〉 is the vacuum of c-operators. c′-operators are
given by superpositions of c-operators and Fnn′(ky) can
be calculated from the unitary matrix which diagonal-
izes the BdG Hamiltonian19,20,45. The exponential fac-
tor describes the paired electrons, while the additional∏
c′†
∏
c′† corresponds to the unpaired electrons. The
number of the unpaired electrons for a given ky can be
calculated from η(ky); (n1, n2) = (1, 0) for (−kF < ky <
0) while (n1, n2) = (0, 1) for (0 < ky < kF ). Therefore,
these unpaired electrons carry momenta which are oppo-
site to the given SC chirality, which results in the reversal
of the DW current from the one naively expected from
the SC chirality. We stress that these normal state com-
ponents are not easily visible in the Hamiltonian Eq.(1)
or (4) and are absent in the odd-DW case and uniform
SC, but they do exist in the present stable even-DW
case. These hidden contributions are important for the
DW current induced by the momentum space topology.
In addition, they can contribute also to other quantities
such as specific heat and NMR relaxation rate, although
the contributions would be sub-dominant in magnitude.
Furthermore, we will show in the next section that the ex-
istence of the unpaired electrons leads to a FF-like state.
3. stability compared to odd-DW
Since formation of Cooper pairs usually reduces en-
ergy in superconductors, one may think that unpaired
electrons would increase energy and eventually destabi-
lize the even-DW. Indeed, in some simple examples, un-
paired electrons can appear only in extreme parameter
regions where pair breaking effects are so strong that the
superconductivities become unstable46. In the previous
GL theory, it was shown that even-DWs are more stable
than odd-DWs33. However, since the unpaired electrons
are not taken into account and temperature dependence
has not been discussed in the previous GL study, stabil-
ity of the even-DW at both zero and finite temperatures
is non-trivial. In order to examine stability of the even-
DW structure, we compute the free energy density δf
measured from that of the odd-DW system,
δf = feven − fodd, (12)
f = − 1
LxLy
kBT log tr(e
−βHMF), (13)
where β is the inverse temperature. As shown in Fig. 9,
the even-DW is stable up to all the temperatures below
Tsc. The stability of the even-DW will leads to a stable
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FIG. 9. Free energy difference between even-DW and odd-
DW, δf , as a function of temperature T .
FF-like state at the same temperature range, 0 ≤ T ≤ Tsc
as will be discussed later. It is noted that |δf | becomes
smaller (larger) as the thickness of the x-direction is in-
creased (decreased), since the free energy difference is
proportional to the DW area Ly, i.e. δf ∼ O(1/Lx).
Our numerical calculations would imply that DW en-
ergies are mainly determined by spatial profiles of ∆
x/y
i
and quasi-particle contributions do not change the stabil-
ity of the even-DW, although their contributions to the
energy would be of the same order O(Ly). Indeed, by
comparing ∆i for the two DWs (Figs. 2 and 6), we see
that ∆y rather sharply changes at the even-DW while
∆x is suppressed in a wider region near the odd-DW,
which results in a relatively strong pair-breaking effect
of the gap function in the odd-DW case. The differ-
ent spatial profiles of the gap functions at the two DWs
come from the fact that ∆y is an even-parity gap func-
tion in the x-direction while ∆x is odd in x, which can
be captured also in Ginzburg-Landau formalism as in the
previous study33. Even parity gap functions are gener-
ally more stable against the surface pair breaking effect
on gap functions than odd parity ones. The important
point is that this mechanism dominates δf even when
contributions from the unpaired electrons are included
within the BdG approach which are of the same order,
O(Ly).
4. Fulde-Ferrell-like state
The net charge current along the y-direction is non-
zero in the present gap function. Generally such a cur-
rent carrying state is not forbidden for example in three-
dimensional toroidal geometry which may be mimicked
by a periodic boundary condition22,47. However, it would
be an unphysical state in a realistic anisotropic system
with open boundaries, since there is no current profile
which consistently connects the unidirectional surface
and DW currents with keeping the continuity equation
∇ · j = 0. Besides, the present model might be physi-
8cally regarded as a composition of one-dimensional rib-
bons along the y-direction with width Lx stacking in the
z-direction. It is known that a current carrying state
can never be a ground/equillibrium state in the ther-
modynamic limit in one-dimension48, which may imply
absence of a current carrying state in the present system,
too. Indeed, if we simply apply a one-dimensional Bloch-
like argument, we can show that the current carrying
state is unstable and a Fulde-Ferrell-like state with van-
ishing net current is more stable, which can be confirmed
at least within mean field approximations.
Optimization of Qy and stability
We consider a FF-like stripe state with
g〈ciσci+xˆ,σ〉 = −i∆xiσeiQyy, (14)
g〈ciσci+yˆ,σ〉 = ∆yiσeiQy(y+a/2), (15)
where Qy = 2πny/Ly(ny =integer) is the center of mass
momentum of a Cooper pair and ∆
x/y
iσ depend only on
x. Here, we have assumed the same oscillation periods
for ∆x and ∆y, Qxy = Qyy ≡ Qy, since Qxy 6= Qyy
would lead to additional chiral SC domain walls in the
y-direction, which increases energy. The negligibly small
factor eiQya/2 has been introduced for the later conve-
nience. We minimize the free energy density δf(Qy)
Eq. (13) with respect to Qy as shown in Fig. 10. Differ-
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FIG. 10. (Left panel) Free energy difference as a function of
the modulation Qy. (Right panel) Charge and spin currents
without Meissner effect for the FF-like state.
ence in the free energy density is small because it arises
from the energy cost proportional to the area Ly but
not to the volume LxLy. The resulting state with the
minimum energy has vanishing net current, because the
sum of the DW and surface current cancels with the FF-
like current flowing in the bulk region with the optimal
Qy = Q
∗
y ∼ O(1/Lx), as shown in Fig. 10. If we consider
an open boundary condition for y-direction, we can now
naively expect that corresponding spatial configuration
of the current will show a consistent profile as in Fig.
11.
The coincidence between the values of Qy for the van-
ishing total current and free energy minimum is of course
not accidental, and is related to Bloch’s theorem on the
absence of bulk current at equilibrium22,47,48. Although
the Bloch’s theorem can also be applied to superconduc-
tors, we should be careful when applying it to a mean
field Hamiltonian where global U(1) symmetry is ex-
plicitly broken. We introduce the global twist operator
$
%
FIG. 11. The charge current profile for the FF-like state in the
system with boundaries. The surface and DW currents flow
in the same direction, while the FF-like supercurrent flows in
the opposite direction.
U = exp(iδQyPy) with Py =
∑
iσ yniσ where the sum-
mation is over all the sites and δQy = 2π/Ly. The anihi-
lation operators are transformed as UcjσU
† = eiδQyycjσ
under the twist. Although one needs to use a local twist
operator for a rigorous discussion on an infinite volume
system, the global operator simplifies our discussion. The
free energy difference between the Qy + δQ
′
y-state with
δQ′y = 2δQy and Qy-state within the mean field approx-
imation is given by
βδF = − log tr(e−βHMF(Qy+δQ′y)) + log tr(e−βHMF(Qy))
= − log tr(e−βUHMF(Qy+δQ′y)U†) + log tr(e−βHMF(Qy))
= β(~/e)tr(Jye
−βHMF(Qy))δQ′y +O(δQ
′2
y ), (16)
where Jy =
∑
i ji,y is the total current operator. Here,
we have assumed that the mean field solutions depend
weakly on Qy, i.e. ∆
x/y
i (Qy + δQ
′
y) = ∆
x/y
i (Qy) +
O(δQ′2y ). The first term is estimated as O(LyδQy) =
O(1) since the current density is localized near the sur-
face/boundary or vanishingly small in the bulk as implied
by Bloch’s theorem22,47, while the second term would
be O(LxLyδQ
2
y) = O(Lx/Ly). In general two- or three-
dimensional systems, the first term is not small compared
to the second term, and a current carrying equilibrium
state is not excluded based on this argument. However,
since Lx ≪ Ly is satisfied and the present system is more
like one-dimensional, the first term dominates and an en-
ergy minimum δF ∼ O(Lx) corresponds to a vanishing
total current 〈Jy〉 ≃ 0× Ly.
As seen in Fig. 9, the even-DW is stable at all 0 ≤
T ≤ Tsc (Fig. 9), which means that the FF-like state has
a lower free energy in the same temperature region ac-
cording to Eq. (16). Therefore, the FF-like state can be
realized at any temperature below Tsc. We note that sim-
ilar FF-like states have been proposed in different mod-
els39,49–53. Generally, these states can be stabilized only
at low temperatures, while the robust stability of our
FF-like state up to Tsc is characteristic to the FM chiral
superconductors. Besides, the thickness of the present
model is much larger than the superconducting coher-
ence length, Lx ∼ 30-40ξ0 and the emergence of the
FF-like state itself is robust against the thickness, which
is in sharp contrast to the previous studies where FF-
like states can be stable only for Lx ∼ ξ0 at finite tem-
peratures 39,50–53. Therefore, our results are basically
applicable not only to thin films but also to relatively
9large anisotropic samples, although the modulation Q∗y
becomes smaller in the latter. In addition, the previously
proposed FF-like states are sensitive to surface condi-
tions53. On the other hand, the present FF-like state is
stable as long as the even-DW is realized by the FM do-
main, and the surface/DW current would not be strongly
changed e.g. by surface roughness34,54.
Spectral asymmetry and ground state wavefunction
In the presence of the FF modulation Qy, the para-
magnetic current operator does not commute with the
mean field Hamiltonian HMF in the continuum limit.
Instead, the combination J py ≡ Jpy − QyN/2 now com-
mutes with HMF, where N is the total number operator
N =
∑
xkyσ
c†xkyσcxkyσ. Therefore, 〈J py 〉0 can be written
in terms of the spectral asymmetry,
〈J py 〉0 = −
1
4
∑
ky
e~
m
(ky +Qy/2)η(ky). (17)
This quantity gives a deviation of the paramagnetic cur-
rent from the naively expected value (e~/m)Qy〈N〉0/2 in
the FF-like state, and a non-zero 〈J py 〉0 implies existence
of normal state components, i.e. unpaired electrons46.
Since η is only slightly changed by Q∗y ∼ O(1/Lx), 〈J py 〉0
is non-zero and the unpaired electrons still exist in the
FF-like state. Indeed, the ground state wavefunction of
the mean field Hamiltonian now contains
|MF〉ky =
n
Qy
1∏
n=1
c′†n,ky+Qy
n
Qy
2∏
n=1
c′†n,−ky
× exp[
∑
n>n1,n′>n2
F
Qy
nn′(ky)c
′†
n,ky+Qy
c′†n′,−ky ]|0〉,
(18)
where all the parameters can be calculated from the uni-
tary matrix which diagonalizes the BdG Hamiltonian.
Since the reversal of the DW current is due to the un-
paired electrons, the emergence of the FF-like state is also
a direct result of such hidden components. Although im-
pacts of unpaired electrons on physical quantities such
as edge currents have been discussed previously19,20, the
present study is the first example where the unpaired
electrons affect the underlying gap functions from which
they arise. In addition, it is considered that the existence
of the unpaired electrons and resulting FF-like state are
general properties in chiral superconductors/superfluids
in the presence of chiral domains. UCoGe could provide
a good platform to study such physics.
Meissner effect
The current profile without Meissner effect now satis-
fies the continuity equation ∇ · j = 0 when we consider
an open boundary in the y-direction. Such a current
can be naturally screened by Meissner current if we solve
the Maxwell equation self consistently. We show calcu-
lation results in Fig. 12. The current in the bulk region
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FIG. 12. (Left panel) Charge and spin currents with Meiss-
ner effect for the FF-like state. (Right panel) Corresponding
magnetic flux density.
is screened to be zero as in ordinary superconductors,
in addition to the screening of the surface/DW current.
However, we note that it is also possible to have Meiss-
ner screening for example in Qy = 0 even-DW and the
resulting net current vanishes in our numerical calcula-
tions. Such states have higher fermionic energies than
the above state with the optimal modulation Q∗y
55.
The unique charge current profile leads to a charac-
teristic behavior of magnetic flux density as shown in
Fig. 12. Interestingly, the magnetic flux density Biz
near the DW points to the opposite direction from the
one in the non-superconducting FM state. We note
that such reversal of magnetic flux density is possible
only at low temperatures, and magnetic flux density is
smoothly changed as the system is cooled from a non-
superconducting FM state. An experimental observation
of the reversed magnetic flux density would directly im-
ply the FF-like state. It is also interesting to see a possi-
ble feedback effect on FM domain walls. Since the direc-
tion of the magnetic flux density around a domain wall
is opposite to that in the non-superconducting state, the
FM domain walls will become thicker due to the Zeeman
coupling. As long as this Zeeman effect is not so strong
and the initial FM domain configuration is not changed,
the main results presented in this study should remain
true. On the other hand, such an effect is not expected in
the odd-DW case since Bz is simply parallel to that in the
non-superconducting state. Similarly, feedback effects on
FM properties would be weak in non-topological super-
conductors in the Meissner phases, because the magnetic
flux density will be qualitatively similar to that in odd-
DW case (Fig. 5). As mentioned in Sec.I, feedback effects
could be discussed within a full self-consistent calcula-
tion for both FM and SC orders, and are left for a future
study.
Multi-domain structure
Finally, as a straightforward extension of the above re-
sults, we consider a sequence of FM domains as in Fig. 13.
In this case, the even-DW is favored at each FM do-
main wall, and each DW current is reversed from the
naively expected ones while only the surface currents are
unchanged. If the number of DWs is even, the DW cur-
rents completely cancel and also two surface currents can-
cel each other, resulting in vanishing net current. If the
number of DWs is odd, almost all the DW currents cancel
10
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FIG. 13. Multi-domain structures. The number of DWs is
even in (a) and odd in (b). The arrows represent surface/DW
currents when all the domain walls are even-DWs. The FF-
like supercurrent is not shown.
and the magnitude of the net current will be the sum of
single DW current and two surface currents. Therefore,
the FF-like state can be stable only in the latter case,
and the optimal modulation Q∗y is of the order O(1/Lx)
as in the single DW system discussed above. On the other
hand, possible contributions from the unpaired electrons
to other quantities such as specific heat and NMR re-
laxation rate will simply add up as the number of DWs
increases. Although they would be still sub-dominant in
magnitude, a careful consideration might be required in
experiments.
IV. SUMMARY AND DISCUSSION
We have studied general properties of the ferromag-
netic chiral superconductors by using the specific model
of UCoGe in the Meissner phase, with focusing on inter-
play between momentum space topology and real space
structure of FM domains. We confirmed that, within
the mean field approximation, the chiral SC domains
are naturally induced by the FM domains because of
Lorentz force arising from the FM order which favors
one of the two possible SC chiralities. Besides, it was
found that the relative stability among the different SC
domain walls discussed in the previous GL theory with-
out the unpaired electrons holds true also in our system
where the unpaired electrons are explicitly taken into ac-
count. In the metastable SC domain state, the current
profile is simply a global circulation along the surface
and the DW. On the other hand, the DW current is re-
versed in the more stable SC domain as in 3He-A phase,
and the surface current and DW current do not cancel.
Because of this non-cancellation, the FF-like modulated
SC state with vanishing net current can be stabilized for
all the temperatures below the superconducting transi-
tion temperature. In a microscopic point of view, the
emergence of the FF-like state can be attributed to the
hidden normal state components, i.e. the unpaired elec-
trons. Our study is the first example where the unpaired
electrons affect the underlying gap functions from which
they arise. These results hold true also in other chiral
superconductors/superfluids in the presence of chiral do-
mains. UCoGe provides a good platform for studying
such physics.
Although we have used the mean field approximations
in the present study, mean field approximations usu-
ally overestimate stabilities of ordered states. Rigorously
speaking, one- or two-dimensional systems do not exhibit
superconductivity at finite temperature and a net current
carrying state in two- and three-dimensions is not forbid-
den at least by Bloch’s theorem22,47. This might imply
that our results based on the mean field approximations
and essentially one-dimensional Bloch-like argument on
the mean field Hamiltonian are not correct enough. More
rigorous discussions are needed to clarify this issue. It is
also interesting to study the fate of the proposed FF-like
state when the spontaneous vortex state is taken into ac-
count, corresponding to lower pressure regions in UCoGe.
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